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Wkh Frpsxwdwlrq ri Frxqwhuidfwxdo
Htxloleuld lq Krprwkhwlf Zdoudvldq
Hfrqrplhv
Grqdog M1 Eurzq_ dqg Udyl Ndqqdqh
Pd| 5337

Devwudfw
Zh sursrvh d qrqsdudphwulf whvw iru pxowlsoh fdoleudwlrq ri qx0
phulfdo jhqhudo htxloleulxp prghov/ dqg zh suhvhqw dq hhfwlyh dojr0
ulwkp iru frpsxwlqj frxqwhuidfwxdo htxloleuld lq krprwkhwlf Zdoudvldq
hfrqrplhv/ zkhuh frxqwhuidfwxdo htxloleuld duh vroxwlrqv wr wkh Zdo0
udvldq lqhtxdolwlhv1
Nh|zrugv= Dssolhg jhqhudo htxloleulxp dqdo|vlv/ Zdoudvldq lqhtxdol0
wlhv/ Fdoleudwlrq
MHO Fodvvlfdwlrq= F96/ F9;/ G84/ G8;

4

Lqwurgxfwlrq

Qxphulfdo vshflfdwlrqv ri dssolhg plfurhfrqrplf jhqhudo htxloleulxp prg0
hov duh lqkhuhqwo| lqghwhuplqdwh1 Vlpso| sxw/ wkhuh duh pruh xqnqrzqv +sd0
udphwhuv, wkdq htxdwlrqv +jhqhudo htxloleulxp uhvwulfwlrqv,1 Fdoleudwlrq ri
sdudphwhul}hg qxphulfdo jhqhudo htxloleulxp prghov uhvroyhv wklv lqghwhu0
plqdf| xvlqj pdunhw gdwd iurp d ehqfkpdun |hdu> sdudphwhu ydoxhv duh
johdqhg iurp wkh hpslulfdo olwhudwxuh rq surgxfwlrq ixqfwlrqv dqg ghpdqg
ixqfwlrqv dqg wkh jhqhudo htxloleulxp uhvwulfwlrqv1 Wkh fdoleudwhg prgho do0
orzv wkh vlpxodwlrq dqg hydoxdwlrq ri dowhuqdwlyh srolf| suhvfulswlrqv/ vxfk
W Wklv lv d uhylvlrq ri FIGS 47591
_ Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|
h Ghsduwphqw ri Frpsxwhu Vflhqfh/ \doh Xqlyhuvlw|

4

dv fkdqjhv lq wkh wd{ vwuxfwxuh/ e| xvlqj Vfdui*v dojrulwkp ru rqh ri lwv ydul0
dqwv wr frpsxwh frxqwhuidfwxdo htxloleuld1 Qrw vxusulvlqjo|/ wkh ohjlwlpdf|
ri fdoleudwlrq dv d phwkrgrorj| iru vshfli|lqj qxphulfdo jhqhudo htxloleulxp
prghov lv wkh vxemhfw ri dq rqjrlqj ghedwh zlwklq wkh surihvvlrq/ deo| vxu0
yh|hg e| Gdznlqv hw do1 +5335,1 Lq wkhlu vxuyh|/ wkh| eulh | glvfxvv pxowlsoh
fdoleudwlrq1 Wkdw lv/ fkrrvlqj sdudphwhu ydoxhv iru qxphulfdo jhqhudo htxl0
oleulxp prghov frqvlvwhqw zlwk pdunhw gdwd iru wzr ru pruh |hduv1 Lw lv wkh
lpsolfdwlrqv ri wklv qrwlrq wkdw zh h{soruh lq wklv sdshu1
Rxu dssurdfk wr frxqwhuidfwxdo dqdo|vlv ghulyhv iurp Yduldq*v xqltxh lq0
vljkw wkdw qrqsdudphwulf dqdo|vlv ri ghpdqg ru surgxfwlrq gdwd dgplwv h{0
wudsrodwlrq/ l1h1/ jlyhq revhuyhg ehkdylru lq vrph hfrqrplf hqylurqphqwv/
zh fdq iruhfdvw ehkdylru lq rwkhu hqylurqphqwv/ Yduldq +4<;5/ 4<;7,1 Wkh
iruhfdvw ehkdylru lq dssolhg jhqhudo htxloleulxp dqdo|vlv lv wkh vhw ri frxq0
whuidfwxdo htxloleuld1
Khuh lv dq h{dpsoh lqvsluhg e| wkh glvfxvvlrq ri h{wudsrodwlrq lq Ydu0
ldq +4<;5,/ looxvwudwlqj wkh qrqsdudphwulf irupxodwlrq ri ghflgdeoh frxqwhu0
idfwxdo sursrvlwlrqv lq ghpdqg dqdo|vlv1 Vxssrvh zh revhuyh d frqvxphu
fkrrvlqj d qlwh qxpehu ri frqvxpswlrq exqgohv {l dw pdunhw sulfhv sl /
l1h1/ +s > { ,> +s2 > {2 ,> ===> +sq > {q ,1 Li wkh ghpdqg gdwd lv frqvlvwhqw zlwk xwlo0
lw| pd{lpl}dwlrq vxemhfw wr d exgjhw frqvwudlqw/ l1h1/ vdwlvhv JDUS/ wkh
jhqhudol}hg d{lrp ri uhyhdohg suhihuhqfh/ wkhq wkhuh h{lvwv d vroxwlrq ri wkh
Diuldw lqhtxdolwlhv/ X/ wkdw udwlrqdol}hv wkh gdwd/ l1h1/ li sl  {  sl  {l wkhq
X+{l ,  X+{, iru l @ 4> 5> ===> q/ zkhuh X lv frqfdyh/ frqwlqxrxv/ prqrwrqh
dqg qrqvdwldwhg +Diuldw/ 4<9:> Yduldq/ 4<;6,1 Khqfh zh pd| srvh wkh iroorz0
lqj txhvwlrq iru dq| wzr xqrevhuyhg frqvxpswlrq exqgohv {
 dqg {
a= Zloo {

eh uhyhdohg suhihuuhg wr {
a iru hyhu| vroxwlrq ri wkh Diuldw lqhtxdolwlhvB Dq
htxlydohqw irupxodwlrq lv wkh frxqwhuidfwxdo sursrvlwlrq= {
 lv qrw uhyhdohg
suhihuuhg wr {
a iru vrph sulfh yhfwru s dqg vrph xwlolw| ixqfwlrq X/ d vroxwlrq
ri wkh Diuldw lqhtxdolwlhv1
Wklv sursrvlwlrq fdq eh h{suhvvhg lq whupv ri wkh vroxwlrq vhw iru wkh
iroorzlqj idplo| ri sro|qrpldo lqhtxdolwlhv= Wkh Diuldw lqhtxdolwlhv iru wkh
a, dqg wkh lqhtxdolw|
dxjphqwhg gdwd vhw +s > { ,> +s2 > {2 ,> ===> +sq > {q ,/ +s> {
s{
 A s{
a/ zkhuh s lv xqrevhuyhg1 Li wkhvh lqhtxdolwlhv duh vroydeoh/ wkhq
wkh vwdwhg frxqwhuidfwxdo sursrvlwlrq lv wuxh1 Li qrw/ wkhq wkh dqvzhu wr rxu
ruljlqdo txhvwlrq lv |hv1 Qrwlfh wkdw q ri wkh Diuldw lqhtxdolwlhv duh txdgudwlf
lq wkh xqrevhuydeohv/ l1h1/ wkh surgxfw ri wkh pdujlqdo xwlolw| ri lqfrph dw {
a
dqg wkh sulfh yhfwru s1
Zh h{whqg wkh dqdo|vhv ri Eurzq dqg Pdw}nlq +4<<9, dqg Eurzq dqg
Vkdqqrq +5333,/ zkhuh wkh Zdoudvldq dqg gxdo Zdoudvldq lqhtxdolwlhv duh
ghulyhg/ wr hqfrpsdvv wkh frpsxwdwlrq dqg hydoxdwlrq ri frxqwhuidfwxdo
5

htxloleuld lq krprwkhwlf Zdoudvldq hfrqrplhv1
Eurzq dqg Pdw}nlq +4<<9, fkdudfwhul}hg wkh Zdoudvldq prgho ri frp0
shwlwlyh pdunhw hfrqrplhv iru gdwd vhwv frqvlvwlqj ri d qlwh qxpehu ri
revhuydwlrqv rq pdunhw sulfhv/ lqfrph glvwulexwlrqv dqg djjuhjdwh ghpdqg1
Wkh Zdoudvldq lqhtxdolwlhv/ dv wkh| duh fdoohg khuh/ duh ghqhg e| wkh Diuldw
lqhtxdolwlhv iru lqglylgxdo ghpdqg dqg exgjhw frqvwudlqwv iru hdfk frqvxphu>
wkh Diuldw lqhtxdolwlhv iru surw pd{lpl}dwlrq ryhu d frqyh{ djjuhjdwh whfk0
qrorj|> dqg wkh djjuhjdwlrq frqglwlrqv wkdw revhuyhg djjuhjdwh ghpdqg lv
wkh vxp ri xqrevhuyhg lqglylgxdo ghpdqgv1 Wkh EurzqPdw}nlq wkhruhp
vwdwhv wkdw pdunhw gdwd lv frqvlvwhqw zlwk wkh Zdoudvldq prgho li dqg rqo| li
wkh Zdoudvldq lqhtxdolwlhv duh vroydeoh iru wkh xqrevhuyhg xwlolw| ohyhov/ pdu0
jlqdo xwlolwlhv ri lqfrph dqg lqglylgxdo ghpdqgv1 Vlqfh lqglylgxdo ghpdqgv
duh dvvxphg wr eh xqrevhuydeoh/ wkh Diuldw lqhtxdolwlhv iru hdfk frqvxphu
duh txdgudwlf lq wkh xqrevhuydeohv/ l1h1/ wkh surgxfw ri wkh pdujlqdo xwlolwlhv
ri lqfrph dqg lqglylgxdo ghpdqgv14
D ghflvlrq phwkrg iru wklv v|vwhp ri Zdoudvldq lqhtxdolwlhv frqvwlwxwhv
d vshflfdwlrq whvw iru pxowlsoh fdoleudwlrq ri qxphulfdo jhqhudo htxloleulxp
prghov/ l1h1/ wkh pdunhw gdwd lv frqvlvwhqw zlwk wkh Zdoudvldq prgho li dqg
rqo| li wkh Zdoudvldq lqhtxdolwlhv duh vroydeoh1 Lq rxu vhfwlrq rq dojrulwkpv/
zh jlyh dq hhfwlyh ghwhuplqlvwlf dojrulwkp iru wklv ghflvlrq sureohp1 Iru
hyhu| % A 3/ wkh dojrulwkp frpsxwhv d qlwh %0qhw ri vroxwlrqv1 Wkh dojr0
ulwkp lv edvhg rq wkh iroorzlqj revhuydwlrq= Wkhuh lv d qlwh vhw ri fdqglgdwh
pdujlqdo xwlolwlhv ri lqfrph +rqh shu djhqw shu revhuydwlrq, vxfk wkdw hyhu|
vhw ri frqvxpswlrq exqgohv dgplwwlqj d vroxwlrq ri wkh Diuldw lqhtxdolwlhv
zlwk vwulfwo| txdgudwlfdoo| frqfdyh xwlolwlhv/ dfwxdoo| dgplwv d vroxwlrq zlwk
vwulfwo| frqfdyh xwlolwlhv zlwk rqh ri rxu fdqglgdwh pdujlqdo xwlolwlhv ri lq0
frph1 Pruhryhu/ wklv vroxwlrq lv wkh vroxwlrq ri d olqhdu surjudp1 Wkh
Zdoudvldq lqhtxdolwlhv duh vroydeoh li dqg rqo| li iru doo vx!flhqwo| vpdoo %/
wkh fruuhvsrqglqj olqhdu surjudpv duh vroydeoh1
Dq lpsruwdqw srlqw lv wkdw wklv vhw ri fdqglgdwhv kdv fduglqdolw| +4@%,Q W
zkhuh % A 3 lv d sdudphwhu/ Q lv wkh qxpehu ri revhuydwlrqv dqg W wkh qxp0
ehu ri djhqwv1 Khqfh wkh dojrulwkp zloo uxq lq wlph erxqghg e| d ixqfwlrq
zklfk lv sro|qrpldo lq wkh qxpehu ri frpprglwlhv dqg h{srqhqwldo rqo|
lq Q dqg W 1 Lq vlwxdwlrqv lqyroylqj d odujh qxpehu ri frpprglwlhv dqg d
vpdoo Q/ W / wklv lv yhu| h!flhqw1 Qrwh wkdw wudgh ehwzhhq frxqwulhv revhuyhg
ryhu d vpdoo qxpehu ri shulrgv lv dq h{dpsoh1
4

Wkh Diuldw lqhtxdolwlhv iru frpshwlwlyh surw pd{lpl}lqj upv duh olqhdu jlyhq pdu0
nhw gdwd  vhh Yduldq +4<;7,1 Khqfh zh olplw rxu glvfxvvlrq wr wkh qrqolqhdu Diuldw
lqhtxdolwlhv iru frqvxphuv1
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D pruh fkdoohqjlqj sureohp lv wkh frpsxwdwlrq ri frxqwhuidfwxdo htxl0
oleuld1 Iruwxqdwho|/ d frpprq uhvwulfwlrq lq dssolhg jhqhudo htxloleulxp
dqdo|vlv lv wkh dvvxpswlrq wkdw frqvxphuv duh pd{lpl}lqj krprwkhwlf xwlo0
lw| ixqfwlrqv vxemhfw wr wkhlu exgjhw frqvwudlqwv dqg upv kdyh krprwkhwlf
surgxfwlrq ixqfwlrqv1 D glvfxvvlrq ri wkh Diuldw lqhtxdolwlhv iru frvw plql0
pl}dwlrq dqg surw pd{lpl}dwlrq iru upv zlwk krprwkhwlf surgxfwlrq ixqf0
wlrqv fdq eh irxqg lq Yduldq +4<;7,1 Diuldw +4<;4, dqg vxevhtxhqwo| Yduldq
+4<;6, ghulyhg d idplo| ri lqhtxdolwlhv lq whupv ri xwlolw| ohyhov/ pdunhw sulfhv
dqg lqfrphv wkdw fkdudfwhul}h frqvxphu*v ghpdqgv li xwlolw| ixqfwlrqv duh
krprwkhwlf1 Zh vkdoo uhihu wr wkhvh lqhtxdolwlhv dv wkh krprwkhwlf Diuldw
lqhtxdolwlhv1
Iroorzlqj Vkryhq dqg Zkdooh| +4<<5,/ vhh sdjh 43:/ zh dvvxph wkdw zh
revhuyh doo wkh h{rjhqrxv dqg hqgrjhqrxv pdunhw yduldeohv lq wkh ehqfk0
pdun htxloleulxp gdwd vhwv/ xvhg lq wkh fdoleudwlrq h{huflvh1 Dv dq h{dpsoh/
vxssrvh wkhuh lv rqo| rqh ehqfkpdun gdwd vhw/ wkhq wkh krprwkhwlf vwulfw
Diuldw lqhtxdolwlhv iru hdfk frqvxphu duh ri wkh irup=5
X   2 s2  { dqg X 2   s  {2
X  @  L 
X 2 @ 2 L 2
zkhuh zh revhuyh s / { dqg L  1 Jlyhq  dqg 2 zh kdyh d olqhdu v|vwhp
ri lqhtxdolwlhv lq wkh xqrevhuyhg X  / X 2 / {2 / s2 dqg L 2 1 D vlplodu vhw ri
lqhtxdolwlhv fdq eh ghulyhg iru frvw plqlpl}lqj ru surw pd{lpl}lqj upv
zlwk surgxfwlrq ixqfwlrqv wkdw duh krprjhqrxv ri ghjuhh rqh1
Dv dq dssolfdwlrq ri rxu dssurdfk/ zh uhylvlw wkh Kduehujhu prgho ri
fdslwdo lqfrph wd{dwlrq dv h{srvlwhg lq Vkryhq dqg Zkdooh| +4<<5,1 Zh
glvfxvv wkh vlpxodwlrq dqg hydoxdwlrq ri d fkdqjh lq wkh wd{dwlrq ri fdslwdo
lq d krprwkhwlf wzr0vhfwru jhqhudo htxloleulxp prgho/ dvvxplqj wkh pdu0
nhw gdwd dydlodeoh lq pxowlsoh fdoleudwlrq ri qxphulfdo wzr0vhfwru jhqhudo
htxloleulxp prghov1

5

Hfrqrplf Prghov

Zh frqvlghu dq hfrqrp| zlwk O frpprglwlhv dqg W frqvxphuv1 Hdfk djhqw
Zh uhvwulfw dwwhqwlrq wr vwulfwo| srvlwlyh
kdv UO
n dv khu frqvxpswlrq vhw1
SO
O
pdunhw sulfhv V @ is 5 Unn = l' sl @ 4j1 Wkh Zdoudvldq prgho dvvxphv
wkdw frqvxphuv kdyh xwlolw| ixqfwlrqv xw = UO
n $ U/ lqfrph Lw dqg wkdw
5

Khuh zh dvvxph xwlolw| ixqfwlrqv duh krprjhqrxv ri ghjuhh rqh1

7

djjuhjdwh ghpdqg {
@

SW

w'

{w / zkhuh

xw +{w , @

pd{

v1w1

su{$Lw
{D f

xw +{,1

Vxssrvh zh revhuyh d qlwh qxpehu Q ri surohv ri lqfrph glvwulexwlrqv
u / zkhuh u @ 4> 5> ===> Q/
iLwu jWw' / pdunhw sulfhv su dqg djjuhjdwh ghpdqg {
exw zh gr qrw revhuyh wkh xwlolw| ixqfwlrqv ru ghpdqgv ri lqglylgxdo frq0
vxphuv1 Zkhq duh wkhvh gdwd frqvlvwhqw zlwk wkh Zdoudvldq prgho ri djjuh0
jdwh ghpdqgB Wkh dqvzhu wr wklv txhvwlrq lv jlyhq e| wkh iroorzlqj wkhruhpv
ri Eurzq dqg Pdw}nlq +4<<9, dqg Eurzq dqg Vkdqqrq +5333,1
Wkhruhp 4 +Eurzq dqg Pdw}nlq, Wkhuh h{lvw qrqvdwldwhg/ frqwlqxrxv/
vwulfwo| frqfdyh/ prqrwrqh xwlolw|
ixqfwlrqv ixw jWw' dqg i{uw jWw' / vxfk wkdw
S
W
{u @ {
u / zkhuh u @ 4> 5> ===> Q/ li dqg
xw +{uw , @ pd{su u{$Lwu xw +{, dqg
w' w
u
u
u
rqo| li < ia
xw j/ iw j dqg i{w j iru u @ 4> ===> Q> w @ 4> ===> W vxfk wkdw
x
auw ? x
avw . vw sv  +{uw  {vw , +u 9@ v @ 4> ===> Q> w @ 4> ===> W ,

+4,

auw A 3 dqg {uw  3 +u @ 4> ===> Q> w @ 4> ===> W ,
uw A 3> x

+5,

su  {uw @ Lwu +u @ 4> ===> Q> w @ 4> ===> W ,

+6,

W
[

{uw @ {
u +u @ 4> ===> Q,

+7,

w'

+4, dqg +5, frqvwlwxwh wkh vwulfw Diuldw lqhtxdolwlhv> +6, ghqhv wkh exgjhw
frqvwudlqwv iru hdfk frqvxphu> dqg +7, lv wkh djjuhjdwlrq frqglwlrq wkdw
revhuyhg djjuhjdwh ghpdqg lv wkh vxp ri xqrevhuyhg lqglylgxdo frqvxphu
ghpdqg1 Wklv idplo| ri lqhtxdolwlhv lv fdoohg khuh wkh +vwulfw, Zdoudvldq
lqhtxdolwlhv16 Wkh revhuydeoh yduldeohv lq wklv v|vwhp ri lqhtxdolwlhv duh wkh
u / khqfh wklv lv d qrqolqhdu idplo| ri sro|qrpldo lqhtxdolwlhv lq
Lwu / su dqg {
xqrevhuydeoh xwlolw| ohyhov x
auw / pdujlqdo xwlolwlhv ri lqfrph uw dqg lqglylgxdo
frqvxphu ghpdqgv {uw 1
Eurzq dqg Vkdqqrq +5333, sursrvhg dq htxlydohqw idplo| ri sro|qrpldo
lqhtxdolwlhv lq whupv ri wkh gxdo vwulfw Diuldw lqhtxdolwlhv zklfk zh qg pruh
xvhixo iru rxu dqdo|vlv ri fdoleudwlrq1
Wkh gxdo vwulfw Diuldw lqhtxdolwlhv iru hdfk frqvxphu w fdq eh h{suhvvhg
dv iroorzv=

 u
s
sv
+u 9@ v @ 4> ===> Q> w @ 4> ===> W ,
+8,

yawu A yawv  vw Lwv {vw 
Lwu Lwv
6

Eurzq dqg Pdw}nlq fdoo wkhp wkh htxloleulxp lqhtxdolwlhv/ exw wkhuh duh rwkhu sodx0
vleoh qrwlrqv ri htxloleulxp lq pdunhw hfrqrplhv1

8

uw A 3 dqg {uw

3 +u @ 4> ===> Q> w @ 4> ===> W ,

+9,

Wkhruhp 5 +Eurzq dqg Vkdqqrq, Wkhuh h{lvw qxpehuv yawu / uw dqg
yhfwruv {uw iru +u @ 4> ===> Q> w @ 4> ===> W , vdwlvi|lqj wkh gxdo vwulfw Diuldw
lqhtxdolwlhv +8, dqg +9, li dqg rqo| li wkhuh h{lvw qxpehuv x
auw / uw dqg yhfwruv
u
{w iru +u @ 4> ===> Q> w @ 4> ===> W , vdwlvi|lqj wkh vwulfw Diuldw lqhtxdolwlhv +4,
dqg +5,1
Khqfh zh ghqh wkh gxdo vwulfw Zdoudvldq lqhtxdolwlhv dv +6,/ +7,/ +8, dqg
+9, zkhuh qrz wkh gdwd lv frqvlvwhqw zlwk wkh Zdoudvldq prgho ri djjuhjdwh
ghpdqg li dqg rqo| li wkh gxdo Zdoudvldq lqhtxdolwlhv duh vroydeoh1
Eurzq dqg Vkdqqrq +5333, lq wkhlu Ohppd 4 dovr vkrz wkdw dq| vroxwlrq
n
$
ri wkh gxdo vwulfw Diuldw lqhtxdolwlhv jlyhv ulvh wr F " ixqfwlrqv zw = UO
n
U zkhuh zw +s> L, lv frqyh{ lq +s@L,/ vwulfwo| lqfuhdvlqj lq L dqg vwulfwo|
ghfuhdvlqj lq s vxfk wkdw zw +suw > Lwu , @ yawu dqg Gs@L zw +suw > Lwu , @ uw Lwu {uw
iru +u @ 4> ===> Q> w @ 4> ===> W ,1 Vkdqqrq dqg ]dph +5335, ghqh d vprrwk
frqyh{ ixqfwlrq zw = UMn $ U dv +vwulfwo|, txdgudwlfdoo| frqyh{ rq d frqyh{
vxevhw \  UMn li wkhuh lv d frqvwdqw nw A 3 vxfk wkdw iru hdfk {> | 5 \ /
zkhuh { 9@ |=
zw +|, A zw +{, . Gzw +{,  +|  {, . nw mm{  |mm2 =

+:,

Wkh| srlqw rxw wkdw dq| vprrwk vwulfwo| frqyh{ ixqfwlrq rq d frpsdfw
frqyh{ vxevhw \  UM lv +vwulfwo|, txdgudwlfdoo| frqyh{1 Wkhlu revhuydwlrq
iroorzv iurp wkh vhfrqg rughu Wd|oru h{sdqvlrq ri zw +{, dqg wkh idfw wkdw
G2 zw +{, lv srvlwlyh ghqlwh rq UM / iru doo { 5 \ 1 Ohw 4? +{, @ plqlpxp
hljhqydoxh ri G2 zw +{,/ wkhq nw @ plq{M\ 4? +{,1 Wkh lqhtxdolw| lq +:, zloo
eh xvhg wr ghqh wkh gxdo vwulfw txdgudwlfdoo| frqyh{ Diuldw lqhtxdolwlhv1
Wkh fdvh ri krprwkhwlf xwlolwlhv lv fkdudfwhul}hg e| wkh iroorzlqj wkhruhp
ri Eurzq dqg Pdw}nlq +4<;9,1
Wkhruhp 6 +Eurzq dqg Pdw}nlq, Wkhuh h{lvw qrqvdwldwhg/ frqwlqxrxv/
vwulfwo| frqfdyh krprwkhwlf prqrwrqh xwlolw|
ixw jWw' dqg i{uw jWw'
SW ixqfwlrqv
u
u
u
vxfk wkdw xw +{w , @ pd{su u{$Lwu xw +{, dqg w' {w @ {
w / zkhuh u @ 4> 5> ===> Q
u
u
li dqg rqo| li <ia
xw j dqg i{w j iru u @ 4> ===> Q> w @ 4> ===> W vxfk wkdw
sv  {uw
+u 9@ v @ 4> ===> Q> w @ 4> ===> W ,
sv  {vw

+;,

x
auw A 3dqg {uw  3 +u @ 4> ===> Q> w @ 4> ===> W ,

+<,

x
auw ? x
avw

9

su  {uw @ Lwu +u @ 4> ===> Q> w @ 4> ===> W ,
[

+43,

W

w'

{uw @ {
u +u @ 4> ===> Q,

+44,

+;, dqg +<, frqvwlwxwh wkh vwulfw Diuldw lqhtxdolwlhv iru krprwkhwlf xwlolw|
ixqfwlrqv1
Erwk wkh EurzqPdw}nlq dqg EurzqVkdqqrq dqdo|vhv h{whqg wr sur0
gxfwlrq hfrqrplhv/ zkhuh upv duh sulfh0wdnlqj surw pd{lpl}huv1 Vhh Ydu0
ldq +4<;7, iru wkh Diuldw lqhtxdolwlhv fkdudfwhul}lqj wkh ehkdylru ri upv lq
wkh Zdoudvldq prgho ri d pdunhw hfrqrp|1
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Dojrulwkpv
D Qrqsdudphwulf Whvw iru Pxowlsoh Fdoleudwlrq

Lq pxowlsoh fdoleudwlrq/ wzr ru pruh |hduv ri pdunhw gdwd wrjhwkhu zlwk hp0
slulfdo vwxglhv rq ghpdqg dqg surgxfwlrq ixqfwlrqv dqg wkh jhqhudo htxlole0
ulxp uhvwulfwlrqv duh xvhg wr vshfli| qxphulfdo jhqhudo htxloleulxp prghov1
Wkh pdlqwdlqhg dvvxpswlrq lv wkdw wkh pdunhw gdwd lq hdfk |hdu lv frqvlv0
whqw zlwk wkh Zdoudvldq prgho ri pdunhw hfrqrplhv1 Wklv dvvxpswlrq zklfk
lv fuxfldo wr wkh fdoleudwlrq dssurdfk lv qhyhu whvwhg/ dv qrwhg lq Gdznlqv
hw do1 +5335,1
Wkh dvvxpswlrq ri Zdoudvldq htxloleulxp lq wkh revhuyhg pdunhwv lv
whvwdeoh/ xqghu d ydulhw| ri dvvxpswlrqv rq frqvxphu*v wdvwhv/ xvlqj wkh
qhfhvvdu| dqg vx!flhqw frqglwlrqv vwdwhg lq Wkhruhpv 4/ 5/ dqg 6 dqg wkh
pdunhw gdwd dydlodeoh lq pxowlsoh fdoleudwlrq1 Lq sduwlfxodu/ Wkhruhp 6 fdq
eh xvhg dv d vshflfdwlrq whvw iru wkh qxphulfdo jhqhudo htxloleulxp prghov
glvfxvvhg lq Vkryhq dqg Zkdooh| +4<<5,/ zkhuh lw lv w|slfdoo| dvvxphg wkdw
xwlolw| ixqfwlrqv duh krprwkhwlf1
Li zh revhuyh doo wkh h{rjhqrxv dqg hqgrjhqrxv yduldeohv/ dv dvvxphg e|
Vkryhq dqg Zkdooh|/ wkhq wkh vshflfdwlrq whvw lv lpsohphqwhg e| vroylqj
wkh olqhdu surjudp/ ghqhg e| +4,/ +5,/ +6,/ dqg +7, iru xwlolw| ohyhov dqg
pdujlqdo xwlolwlhv ri lqfrph ru lq wkh krprwkhwlf fdvh/ vroylqj wkh olqhdu
surjudp ghqhg e| +;,/ +<,/ +43,/ dqg +44, iru xwlolw| ohyhov1
Li lqglylgxdo ghpdqgv iru jrrgv dqg idfwruv duh qrw revhuyhg wkhq wkh
vshflfdwlrq whvw lv lpsohphqwhg xvlqj wkh dojrulwkp jlyhq lq wkh qh{w vhf0
wlrq1
Iroorzlqj Yduldq/ zh fdq h{wudsrodwh iurp wkh revhuyhg pdunhw gdwd
dydlodeoh lq pxowlsoh fdoleudwlrq wr xqrevhuyhg pdunhw frqjxudwlrqv1 Zh
:

vlpso| dxjphqw wkh htxloleulxp lqhtxdolwlhv ghqhg e| wkh revhuyhg gdwd
zlwk dgglwlrqdo sro|qrpldo lqhtxdolwlhv fkdudfwhul}lqj srvvleoh exw xqre0
vhuyhg pdunhw frqjxudwlrqv ri xwlolw| ohyhov/ pdujlqdo xwlolwlhv ri lqfrph/
lqglylgxdo ghpdqgv/ djjuhjdwh ghpdqgv/ lqfrph glvwulexwlrqv dqg htxlole0
ulxp sulfhv1 Frxqwhuidfwxdo htxloleuld duh ghqhg dv vroxwlrqv wr wklv dxj0
phqwhg idplo| ri htxloleulxp lqhtxdolwlhv1
Lq jhqhudo/ wkh Diuldw lqhtxdolwlhv lq wklv v|vwhp zloo eh fxelf ehfdxvh
wkh| lqyroyh wkh surgxfw ri xqrevhuyhg pdujlqdo xwlolwlhv ri lqfrph/ wkh
xqrevhuyhg htxloleulxp sulfhv dqg xqrevhuyhg lqglylgxdo ghpdqgv1 Wklv
lv wr eh frqwudvwhg zlwk revhuydwlrqv wkdw lqfoxgh wkh pdunhw sulfhv zkhuh
wkh Diuldw lqhtxdolwlhv duh rqo| txdgudwlf lq wkh surgxfw ri wkh xqrevhuyhg
pdujlqdo xwlolw| ri lqfrph dqg lqglylgxdo ghpdqg1 Wkh lpsruwdqw h{fhswlrq
lv wkh krprwkhwlf fdvh zkhuh frqvxphuv kdyh krprwkhwlf xwlolwlhv dqg upv
kdyh krprwkhwlf surgxfwlrq ixqfwlrqv1 Wkhq wkh uhohydqw Diuldw lqhtxdolwlhv
duh rqo| txdgudwlf lq wkh xqrevhuydeoh whupv frqwdlqlqj wkh *v1
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Lq wklv vhfwlrq/ zh ghvfuleh dq dojrulwkp wr qg vroxwlrqv ri wkh gxdo vwulfw
Zdoudvldq lqhtxdolwlhv1 Zh gr vr e| vlpso| vkrzlqj wkdw wkhuh lv d qlwh vhw
ri fdqglgdwh *v0pdujlqdo xwlolwlhv ri lqfrph +rqh iru hdfk frqvxphu iru
hdfk revhuydwlrq,  vxfk wkdw iru hyhu| vroxwlrq ri {*v +lqglylgxdo frqvxps0
wlrq exqgohv,/ rqh ri wkh fdqglgdwh *v zrunv zlwk wkh {*v1 Iluvw zh dvvxph
wkdw wkh revhuydeohv {
u / su / Lwu iru u @ 4> 5> ===> Q/ w @ 4> 5> ===> W duh jlyhq dqg
ixuwkhu/ zh dvvxph wkdw wkh gxdo vwulfw Diuldw lqhtxdolwlhv zhuh jhqhudwhg e|
xwlolwlhv ehorqjlqj wr d F 2 0frpsdfw idplo| ri vprrwk vwulfwo| frqyh{ lqgluhfw
xwlolwlhv rq d frpsdfw fxeh frqwdlqlqj {
u lq lwv lqwhulru iru u @ 4> 5> ===> Q1
Zh zulwh wkh gxdo vwulfw txdgudwlfdoo| frqyh{ Diuldw lqhtxdolwlhv lq wklv fdvh
zlwk wkh vxevwlwxlwlrq }wv @ vw Lwv / zklfk lv pdgh wr vlpsoli| wkh frpsxwdwlrq
ehorz =

 u
 u

v 2
s
s
sv
s
u
v
v v


.n
zw A zw  }w {w 
 L u  L v  +u> v @ 4> ===> Q> w @ 4> ===> W ,
Lwu Lwv
w
w
+45,
u
u
3 +u @ 4> ===> Q> w @ 4> ===> W ,=
+46,
}w A 3 dqg {w
Ohw % @ plqu>v>w mmsu @Lwu  sv @Lwv mm1
u 'v

Ohppd 41 Vxssrvh z
awu > }awu dqg {
auw vroyh wkh gxdo vwulfw txdgudwlfdoo| frqyh{
Zdoudvldq lqhtxdolwlhv +6,/ +7,/ +45,/ +46,1 Wkhq iru dq| }wu zlwk }awu  }wu 
;

}awu . n%2 ;w> u zh kdyh wkdw yawu @ z
awu / uw @ }wu @Lwu / {
auw vdwlvi| wkh gxdo vwulfw
Zdoudvldq lqhtxdolwlhv +6,/ +7,/ +8,/ +9,1
Surri




su
sv
a

z
a } {
Lwu Lwv
{
av  sv
su
z
awv  }awv {
avw  u . }wv w v vlqfh }awv  }wv dqg {
avw  su @Lwu  3
Lw
Lw
su
{
av  sv
avw u . }awv w v . n%2 xvlqj }wv  }awv . n2 dqg {
avw  sv  Lwv
z
awv  }awv {
Lw
Lw
 u

s
sv
. n%2 ? z
z
awv  }awv {
avw

awu e| k|srwkhvlv=
Lwu Lwv
v
w

v
w

v
w

Li wkh gxdo vwulfw Diuldw lqhtxdolwlhv kdyh d vroxwlrq/ zh pd| vfdoh wkh z
dqg } vr wkdw diwhu vfdolqj/ zh pd| dvvxph wkdw doo wkh z dqg } duh ehwzhhq
3 dqg 41 Vlploduo| iru wkh gxdo vwulfw txdgudwlfdoo| frqyh{ Diuldw lqhtxdolwlhv
+45,/ zh pd| vfdoh z/ } dv zhoo dv n vr wkdw diwhu vfdolqj zh pd| dvvxph
wkdw wkh z dqg } dqg n duh ehwzhhq 3 dqg 41 Zh pdnh wklv dvvxpswlrq1
Qrz ghqh
Vn @ } = }wu lv dq lqwhjhu pxowlsoh ri n%2

3  }wu  4 . n%2 =

Wkhq/ e| wkh ohppd lw iroorzv wkdw
auw vroylqj wkh gxdo vwulfw txdgudwlfdoo|
Ohppd 5 Iru dq| z
awu > }awu 5 ^3> 4`> {
frqyh{ Zdoudvldq lqhtxdolwlhv +45,/ +46,/ +6,/ +7,/ wkhuh h{lvwv d } 5 Vn vxfk
auw vdwlvi| wkh gxdo vwulfw Zdoudvldq lqhtxdolwlhv  +8,/
wkdw z
awu / uw @ }wu @Lwu / {
+9,/ +6,/ +7,1
Wklv lpphgldwho| |lhogv dq dojrulwkp= iru {hg n 5 ^3> 4`/ zh hqxphudwh
wkh vhw Vn dqg wkhq iru hdfk fdqglgdwh } 5 Vn / zh qrz vroyh d olqhdu
surjudp wr vhh li wkh lqhtxdolwlhv +8,/ +9,/ +6, dqg +7, kdyh d vroxwlrq1 Li
wkhuh lv qr vroxwlrq iru dq| } / wkhq zh frqfoxgh wkdw wkh v|vwhp +45,/ +46,/
+6,/ +7, kdv qr vroxwlrq zlwk wklv n1 Rwkhuzlvh/ zh zrxog kdyh irxqg d
vroxwlrq wr +8,/ +9,/ +6,/ +7,1 Qrwh wkdw
mVn m 

+4 . +n%2 ,,Q W
4

>
2
2
QW
+n% ,
+n% ,Q W

<

+47,

zklfk lv rqo| h{srqhqwldo lq QW dqg lqghshqghqw ri O/ wkh qxpehu ri frp0
prglwlhv1 Iru hdfk fdqglgdwh }/ zh vroyh d olqhdu surjudp zkhuh wkh frp0
sxwdwlrqdo wlph lv erxqghg deryh e| d sro|qrpldo lq Q/ W / O1 Wkxv/ zkhq
wkh qxpehu ri revhuydwlrqv dqg qxpehu ri djhqwv duh vpdoo frpsduhg wr wkh
qxpehu ri frpprglwlhv/ wklv lv d yhu| h!flhqw dojrulwkp1 Iru hdfk n/ zh
h{hfxwh wkh dojrulwkp/ uhgxflqj n e| d idfwru ri 5 hdfk wlph1 Zh vwrs li
qr vroxwlrq kdv ehhq irxqg iru n @ 53P 1 Khqfh wkhuh duh dw prvw orj2 P
lwhudwlrqv ri wkh dojrulwkp1
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Wkh Kduehujhu Wd{0Prgho

Zh ehjlq e| uhfdoolqj wkh wzr0vhfwru prgho ri wkh XV hfrqrp|1 Lq wklv
prgho wkhuh duh wzr w|shv ri krxvhkrogv ru frqvxphuv> wzr w|shv ri upv ru
surgxfhuv> wzr jrrgv> dqg wzr idfwruv ri surgxfwlrq/ oderu dqg fdslwdo1 Zh
dvvxph wkdw frqvxphuv kdyh krprwkhwlf xwlolw| ixqfwlrqv dqg duh hqgrzhg
zlwk wkh idfwruv ri surgxfwlrq1 Ilupv kdyh surgxfwlrq ixqfwlrqv wkdw duh kr0
prjhqhrxv ri ghjuhh rqh/ khqfh pdnh }hur surwv lq htxloleulxp1 Iroorzlqj
Kduehujhu/ zh dvvxph wkdw idfwruv duh lqhodvwlfdoo| vxssolhg1
Dvvxplqj wkhuh duh wzr |hduv ri gdwd dydlodeoh/ dv lv wkh fdvh lq d w|slfdo
pxowlsoh fdoleudwlrq h{huflvh/ wkh Zdoudvldq lqhtxdolwlhv iru wkh wzr0vhfwru
prgho frqvwlwxwh d vshflfdwlrq whvw iru wkh Kduehujhu wd{0prgho1 Lq erwk
|hduv zh revhuyh= lqglylgxdo ghpdqgv ri frqvxphuv dqg upv iru jrrgv dqg
idfwruv> hdfk frqvxphu*v hqgrzphqw ri idfwruv> wkh lqfrph glvwulexwlrqv
ri krxvhkrogv> dqg pdunhw sulfhv ri jrrgv dqg idfwruv/ zkhuh oderu lv wkh
qxphudluh jrrg1 Zh fdq qrz vwdwh wkh Zdoudvldq lqhtxdolwlhv iru wkh wzr0
vhfwru prgho1
Krxvhkrogv=

x
auw  vw sv  {uw +u 9@ v @ 4> 5> w @ 4> 5,

+48,

x
auw @ uw Lwu +u @ 4> 5> w @ 4> 5,

+49,

x
auw A 3 dqg {uw  3 +u @ 4> 5> w @ 4> 5,

+4:,

su  {uw @ Lwu +u @ 4> 5> w @ 4> 5,

+4;,

2
[
w'

Ilupv=

{uw @ {
u +u @ 4> 5,

+4<,

iawu   vw twv  |wv +u 9@ v @ 4> 5> w @ 4> 5,

+53,

iawu @  uw Mwu

+54,
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iawu A 3 dqg |wu  3 +u @ 4> 5> w @ 4> 5,

+55,

twu  |wu @ Mwu +u @ 4> 5> w @ 4> 5,

+56,

2
[
w'

|wu @ |u +u @ 4> 5,

+57,

zkhuh
{uw lv frqvxphu w*v ghpdqg iru jrrgv lq shulrg u
x
auw lv frqvxphu w*v xwlolw| ohyho lq shulrg u
Lwu lv frqvxphu w*v lqfrph lq shulrg u
su lv wkh sulfh yhfwru iru jrrgv lq shulrg u
{
u lv wkh djjuhjdwh ghpdqg iru jrrgv lq shulrg u
uw lv frqvxphu w*v pdujlqdo xwlolw| ri lqfrph lq shulrg u
dqg
|wu lv up w*v ghpdqg iru idfwruv lq shulrg u
iawu lv up w*v rxwsxw ohyho lq shulrg u
Mwu lv up w*v frvw lq shulrg u
t u lv wkh sulfh yhfwru iru idfwru ghpdqgv lq shulrg u
|u lv wkh djjuhjdwh vxsso| ri idfwruv lq shulrg u
4@ uw lv up w*v pdujlqdo frvw lq shulrg u
Htxloleulxp=
Lwu @ t u  |wu +u @ 4> 5> w @ 4> 5,
{
u @ +iwu > i2u , +u @ 4> 5,
2
[
w
| @
|wu +u @ 4> 5,
w'

|wu lv frqvxphu w*v hqgrzphqw ri idfwruv lq shulrg u1
Li zh qrz lpsrvh d shu xqlw wd{ W rq wkh xvh ri fdslwdo e| up 4 wkhq
frxqwhuidfwxdo htxloleuld duh vroxwlrqv wr wkh htxloleulxp lqhtxdolwlhv iru wkh
wzr0vhfwru prgho/ dxjphqwhg lq wkh iroorzlqj pdqqhu= Wkh udqjh ri u lq wkh
htxloleulxp lqhtxdolwlhv lv qrz i4> 5> 6j zkhuh t @ +4>  . W ,/ t2 @ +4> ,
dqg  A 3 zkhuh  lv wkh qhw udwh ri uhwxuq dqg  . W lv wkh jurvv udwh
ri uhwxuq  vhh Fkdswhu 9 lq Vkryhq dqg Zkdooh| +4<<5,1 Lq dgglwlrq/ zh
3 dqg frqvxphu*v idfwru hqgrzphqwv wr eh wkh vdph lq shulrgv
uhtxluh s
wzr dqg wkuhh1 Wd{ uhyhqxh lv uhglvwulexwhg wr krxvhkrogv dv oxps vxp
sd|phqwv1 Lq hdfk frxqwhuidfwxdo htxloleulxp zh frpsxwh wkh vrfldo orvv
gxh wr wkh wd{= 2 W N / zkhuh N lv wkh fkdqjh lq ghpdqg iru fdslwdo e|
up 41 D ghflgdeoh idplo| ri frxqwhuidfwxdov lq wklv prgho duh ri wkh irup=
44

Wkh dxjphqwhg htxloleulxp lqhtxdolwlhv dqg wkh lqhtxdolw| 2 W N A /
zkhuh  lv nqrzq dqg {hg1 Ri frxuvh/ zh fdq dovr frpsxwh wkh htxlydohqw
yduldwlrq/ HY / ru frpshqvdwlqj yduldwlrq/ FY / iru hdfk krxvhkrog/ xvlqj
wkh xwlolw| ohyhov ehiruh dqg diwhu wkh lpsrvlwlrq ri wkh wd{ rq frusrudwh
fdslwdo1 Jlyhq wkh dvvxpswlrq ri olqhdu krprjhqrxv xwlolw| ixqfwlrqv=
FY @

XQ  Xf
XQ  Xf
Q

L
dqg
HY
@
 L f>
XQ
Xf

zkhuh 3 ghqrwhv wkh htxloleulxp ydoxhv ehiruh wkh wd{ dqg Q ghqrwhv wkh
htxloleulxp ydoxhv diwhu wkh wd{/ vhh Vkryhq dqg Zkdooh| +4<<5/ s1 458,1
Wkh krprwkhwlf Zdoudvldq lqhtxdolwlhv duh zhdn lqhtxdolwlhv/ li xwlolw|
ixqfwlrqv dqg surgxfwlrq ixqfwlrqv duh dvvxphg wr eh krprjhqrxv ri ghjuhh
rqh1 Rxu dojrulwkp lv rqo| dssolfdeoh wr d v|vwhp ri vwulfw lqhtxdolwlhv/ khqfh
zh dssur{lpdwh wkh krprjhqrxv ri ghjuhh rqh fdvh e| d idplo| ri lqhtxdolwlhv
ghulyhg iurp xwlolw| dqg surgxfwlrq ixqfwlrqv dvvxphg wr eh krprjhqrxv ri
ghjuhh u/ zkhuh u 5 +3> 4, dqg u lv forvh wr 41
Dfnqrzohgjphqwv Wkh dxwkruv duh sohdvhg wr dfnqrzohgjh wkh frp0
phqwv ri d uhihuhh dqg dvvrfldwh hglwru1 Wkh jhqhurxv dvvlvwdqfh ri Johqd
Dphv lv dovr dssuhfldwhg1

8

Uhihuhqfhv

Diuldw/ V1 +4<9:,1 Wkh Frqvwuxfwlrq ri d Xwlolw| Ixqfwlrq iurp H{shqgl0
wxuh Gdwd/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 99::1
+4<;4,1 Rq wkh Frqvwuxfwdelolw| ri Frqvlvwhqw Sulfh Lqglfhv eh0
wzhhq Vhyhudo Shulrgv Vlpxowdqhrxvo|1 Lq D1 Ghdwrq +hg1,/ Hvvd|v lq
Dssolhg Ghpdqg Dqdo|vlv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvvv1
Eurzq/ G1 dqg U1 Pdw}nlq +4<<9,1 Whvwdeoh Uhvwulfwlrqv rq wkh Htxlole0
ulxp Pdqlirog/ Hfrqrphwulfd/ 97/ 457<45951
Eurzq/ G1 dqg F1 Vkdqqrq +5333,1 Xqltxhqhvv/ Vwdelolw|/ dqg Frpsdud0
wlyh Vwdwlfv lq Udwlrqdol}deoh Zdoudvldq Pdunhwv/ Hfrqrphwulfd/ 9;/
485<486<1
Gdznlqv/ F1/ W1Q1 Vulqlydvdq dqg M1 Zkdooh| +5333,1 Fdoleudwlrq1 Lq
M1M1 Khfnpdq dqg H1 Ohdphu +hgv1,/ Kdqgerrn ri Hfrqrphwulfv/ Yro1 81
Qhz \run= Hovhylhu1
45

Vkdqqrq/ F1 dqg Z1 ]dph +5335,1 Txdgudwlf Frqfdylw| dqg Ghwhuplqdf|
ri Htxloleulxp/ Hfrqrphwulfd/ :3/ 9649951
Vkryhq/ M1 dqg M1 Zdooh| +4<<5,1 Dsso|lqj Jhqhudo Htxloleulxp1 Fdp0
eulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
Yduldq/ K1 +4<;5,1 Wkh Qrqsdudphwulf Dssurdfk wr Ghpdqg Dqdo|vlv/
Hfrqrphwulfd/ 83/ <78<:61
+4<;6,1 Qrq0sdudphwulf Whvwv ri Frqvxphu Ehkdylru/ Uhylhz ri
Hfrqrplf Vwxglhv/ <<4431
+4<;7,1 Qrqsdudphwulf Dssurdfk wr Surgxfwlrq Dqdo|vlv/ Hfrqr0
phwulfd/ 85/ 8:<8<:1
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